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CATEGORY THEOREMS FOR STABLE OPERATORS ON HILBERT
SPACES
TANJA EISNER AND ANDRA´S SERE´NY
Abstract. We discuss the two closely related, but different concepts of weak and almost weak
stability for the powers of a contraction on a separable Hilbert space. Extending Halmos’ and
Rohlin’s theorems in ergodic theory as a model, we show that the set of all weakly stable
contractions is of first category while the set of all almost weakly stable contractions is of
second category and is residual. Analogous statements for unitary and isometric operators are
also proved.
Dedicated to the inspiring work of the great mathematician Paul R. Halmos.
1. Introduction
In this paper we deal with the asymptotic behaviour of the powers of bounded linear operators
on Hilbert spaces.
The following classical decomposition theorem already yields some basic information. Here
and later we denote the space of all bounded linear operators on a Hilbert space H by L(H).
Theorem 1.1. (Jacobs–Glicksberg–de Leeuw, see [11, pp. 105–106]) Let H be a Hilbert space
and let T ∈ L(H) be power bounded, i.e., satisfying sup ‖T n‖ <∞. Then H = Hr ⊕Hs, where
Hr := {x ∈ H : Tx = γx for some γ with |γ| = 1},
Hs := {x ∈ H : 0 is a weak accumulation point of {T
nx : n ∈ N}}.
(We note that the theorem is valid for every operator T on an arbitrary Banach space X such
that each orbit {T nx, n ∈ N} is weakly relatively compact in X. This holds for power bounded
operators on reflexive Banach spaces.)
The above theorem shows that in order to understand the asymptotic behaviour of an operator
T one needs to study its asymptotic behaviour on the subspace Hs. In particular, the question
of convergence to 0, called stability, becomes central.
In contrast to the well-established theory of uniform stability, weak stability, i.e., the property
lim
n→∞
〈T nx, y〉 = 0 for all x, y ∈ H,
is much less understood even though it occurs naturally, e.g., see Sz.-Nagy, Foias¸ [16, Chapter I]
and Foguel [5]. In ergodic theory, see Halmos [7, pp. 36–41] and Krengel [11, p. 254], it is called
“mixing” or “strong mixing”. Indeed, Katok and Hasselblatt state on p. 748 of their monograph
[10]:
“... It [strong mixing] is, however, one of those notions, that is easy and natural
to define but very difficult to study...”
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The property satisfied by the restriction of T to Hs in Theorem 1.1 is weaker, but much better
understood. We will use the following terminology.
Definition 1.2. A power bounded operator T on a Hilbert space is called almost weakly stable
if 0 is a weak accumulation point of every orbit {T nx : n ∈ N}.
For power bounded operators on Hilbert spaces almost weak stability is, by Theorem 1.1,
equivalent to the property “no eigenvalues on the unit circle”.
On bounded sets in separable Hilbert spaces the weak topology is metrisable and hence an
operator T is almost weakly stable if and only if for every x ∈ H there exists a subsequence
{nk}
∞
k=1 satisfying lim
k→∞
〈T nkx, y〉 = 0 for every y ∈ H.
Nagel [12], Jones, Lin [9] and others have shown that almost weak stability for a power
bounded operator T implies convergence of 〈T nx, y〉 to 0 on a subsequence {nk}
∞
k=1 having
asymptotic density 1 for every x, y ∈ H. (The proof is based on the analogous statement
from ergodic theory.) This explains the name “almost weak stability”. However, on infinite-
dimensional spaces this notion is not equivalent to weak stability, see Halmos [7, pp. 77–80] for
examples and e.g. [4] for a systematic discussion in the case of C0-semigroups.
Note that the concept of almost weak stability and its reformulations mentioned above are
valid for power bounded operators on reflexive Banach spaces or, more generally, for operators
having relatively compact orbits, as well.
It is our aim in this paper to show that (for operators on separable infinite-dimensional
Hilbert spaces) the concepts of weak stability and almost weak stability differ fundamentally.
To be exact, we show that the sets of almost weakly and weakly stable operators have different
Baire category in the complete metric spaces (with respect to an appropriate metric) of all
unitary, isometric and contractive operators, see Theorems 2.4, 3.5 and 4.3, respectively. More
precisely, the set of all weakly stable operators is of first category, while the set of all almost
weakly stable operators is of second category and is even residual, i.e., its complement is of first
category. In this sense, a typical operator of these classes is almost weakly but not weakly stable.
These category results are analogous to classical theorems of Halmos and Rohlin for measure
preserving transformations in ergodic theory, see Halmos [7, pp. 77–80] or the original papers
by Halmos [6] and Rohlin [15], where almost weak stability corresponds to the notion of weak
mixing. Some constructions in our proof are similar to steps in Halmos’ and Rohlin’s proofs.
In the following we first treat the problem for unitary operators (Section 2), then for isometries
(Section 3), and in Section 4 for contractions.
2. Unitary case
Let H be a separable infinite-dimensional Hilbert space. We denote the set of all unitary
operators on H by U . The following density result for periodic operators is a first building block
for our construction. (Here an operator T is called periodic if there exists n ∈ N with T n = I,
the identity on H. The smallest such n is called the period of the operator T .)
Proposition 2.1. For every n ∈ N the set of all periodic unitary operators with period greater
than n is dense in U endowed with the operator norm topology.
Proof. Take U ∈ U , N ∈ N and ε > 0. By the spectral theorem H is isomorphic to L2(Ω, µ) for
some finite measure µ on a set Ω and U is unitarily equivalent to a multiplication operator U˜
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with
(U˜f)(ω) = ϕ(ω)f(ω), ∀ω ∈ Ω,
for some measurable ϕ : Ω→ Γ := {z ∈ C : |z| = 1}.
We approximate the operator U˜ as follows. Consider the set
ΓN := {e
2pii· p
q : p, q ∈ N relatively prime , q > N}
which is dense in Γ. Take a finite set {αj}
n
j=1 ⊂ ΓN such that arg(αj−1) < arg(αj) and
|αj − αj−1| < ε hold for all 2 ≤ j ≤ n. Define
ψ(ω) := αj−1, ∀ω ∈ ϕ
−1({z ∈ Γ : arg(αj−1) ≤ arg(z) < arg(αj)}).
Denote now by P˜ the multiplication operator with ψ. The operator P˜ is periodic with period
greater than N . Moreover,
‖U˜ − P˜‖ = sup
ω∈Ω
|ϕ(ω)− ψ(ω)| ≤ ε
holds and the proposition is proved. 
Before we present a second building block we need the following lemma.
Lemma 2.2. Let H be a separable infinite-dimensional Hilbert space. Then there exists a
sequence {Tn}
∞
n=1 of almost weakly stable unitary operators satisfying lim
n→∞
‖Tn − I‖ = 0.
Proof. By the isomorphism of all separable infinite-dimensional Hilbert spaces there exists a
unitary operator U : H → L2(R), where L2(R) is considered with the Lebesgue measure.
Take n ∈ N and define T˜n on L
2(R) by
(T˜nf)(s) := e
iq(s)
n f(s), s ∈ R, f ∈ L2(R),
where q : R → [0, 1] is strictly monotone. Then all T˜n are almost weakly stable by the theorem
of Jacobs–Glicksberg–de Leeuw and we have
‖T˜n − I‖ = sup
s∈R
|e
iq(s)
n − 1| ≤ |e
i
n − 1| → 0 as n→∞.
To finish the proof we only need to define Tn := U
∗T˜nU on H. 
We now introduce the appropriate topology. It is called the strong* (operator) topology and
is induced by the family of seminorms px(T ) :=
√
‖Tx‖2 + ‖T ∗x‖2, x ∈ H. We note that
convergence in this topology corresponds to strong convergence of operators and their adjoints.
For properties and further information on this topology we refer to Takesaki [17, p. 68].
In the following we consider the space U of all unitary operators on H endowed with the
strong* operator topology. Note that U is a complete metric space with respect to the metric
given by
d(U, V ) :=
∞∑
j=1
‖Uxj − V xj‖+ ‖U
∗xj − V
∗xj‖
2j‖xj‖
for U, V ∈ U ,
and {xj}
∞
j=1 some dense subset of H \{0}. Further, by SU we denote the set of all weakly stable
unitary operators on H and by WU the set of all almost weakly stable unitary operators on H.
We now show the following density property for WU .
Proposition 2.3. The set WU of all almost weakly stable unitary operators is dense in U .
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Proof. By Proposition 2.1 it is enough to approximate periodic unitary operators by almost
weakly stable unitary operators. Let U be a periodic unitary operator and let N be its period.
Take ε > 0, n ∈ N and x1, . . . , xn ∈ H \ {0}. We have to find an almost weakly stable unitary
operator T with ‖Uxj − Txj‖ < ε and ‖U
∗xj − T
∗xj‖ < ε for all j = 1, . . . , n.
By UN = I and the spectral theorem, σ(U) ⊂
{
1, e
2pii
N , . . . , e
2pi(N−1)i
N
}
and the orthogonal
decomposition
(1) H = ker(I − U)⊕ ker(e
2pii
N I − U)⊕ . . .⊕ ker(e
2pi(N−1)i
N I − U)
holds.
Assume first that x1, . . . , xn are orthogonal eigenvectors of U .
In order to use Lemma 2.2 we first construct a periodic unitary operator S satisfying Uxj =
Sxj for all j = 1, . . . , n and having infinite-dimensional eigenspaces only. For this purpose define
the n-dimensional U - and U∗-invariant subspace H0 := lin{xj}
n
j=1 and the operator S0 on H0
as the restriction of U to H0. Decompose H as an orthogonal sum
H =
∞⊕
k=0
Hk with dimHk = dimH0 for all k ∈ N.
Denote by Pk an isomorphism from Hk to H0 for every k. Define now Sk := P
−1
k UPk on each
Hk as a copy of U |H0 and consider S :=
⊕∞
k=0 Sk on H.
The operator S is unitary and periodic with period being a divisor of N . So a decomposition
analogous to (1) is valid for S. Moreover, Uxj = Sxj and U
∗xj = S
∗xj hold for all j = 1, . . . , n
and the eigenspaces of S are infinite dimensional. Denote by Fj the eigenspace of S containing
xj and by λj the corresponding eigenvalue. By Lemma 2.2 for every j = 1, . . . , n there exists an
almost weakly stable unitary operator Tj on Fj satisfying ‖Tj −S|Fj‖ = ‖Tj −λjI‖ < ε. Finally,
we define the desired operator T as Tj on Fj for every j = 1 . . . , n and extend it linearly to H.
Let now x1, . . . , xn ∈ H be arbitrary and take an orthonormal basis of eigenvalues {yk}
∞
k=1.
Then there exists K ∈ N such that xj =
∑K
k=1 ajkyk + oj with ‖oj‖ <
ε
4
for every j = 1, . . . , n.
By the arguments above applied to y1, . . . , yK there is an almost weakly stable unitary operator
T with ‖Uyk − Tyk‖ <
ε
4KM
and ‖U∗yk − T
∗yk‖ <
ε
4KM
for M := maxk=1,...,K,j=1,...,n |ajk| and
every k = 1, . . . ,K. Therefore we obtain
‖Uxj − Txj‖ ≤
K∑
k=1
|ajk|‖Uyk − Tyk‖+ 2‖oj‖ < ε
for every j = 1, . . . , n. Analogously, ‖U∗xj − T
∗xj‖ < ε holds for every j = 1, . . . , n, and the
proposition is proved. 
We can now prove the following category theorem for weakly and almost weakly stable unitary
operators. To do so we extend the argument used in the proof of the corresponding category
theorems for flows in ergodic theory (see Halmos [7, pp. 77–80]).
Theorem 2.4. The set SU of weakly stable unitary operators is of first category and the set WU
of almost weakly stable unitary operators is residual in U .
Proof. First we prove that SU is of first category in U . Fix x ∈ H with ‖x‖ = 1 and consider
Mk :=
{
U ∈ U : |〈Ukx, x〉| ≤
1
2
}
.
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Note that all sets Mk are closed.
Let U ∈ U be weakly stable. Then there exists n ∈ N such that U ∈ Mk for all k ≥ n, i.e.,
U ∈ ∩k≥nMk. So we obtain
(2) SU ⊂
∞⋃
n=1
Nn,
where Nn := ∩k≥nMk. Since all Nn are closed, it remains to show that U \Nn is dense for every
n.
Fix n ∈ N and let U be a periodic unitary operator. Then U /∈ Mk for some k ≥ n and
therefore U /∈ Nn. Since by Proposition 2.1 periodic unitary operators are dense in U , SU is of
first category.
To show that WU is residual we take a dense set D = {xj}
∞
j=1 of H and define
Wjkn :=
{
U ∈ U : | 〈Unxj, xj〉 | <
1
k
}
.
All these sets are open. Therefore the sets Wjk := ∪
∞
n=1Wjkn are also open.
We show that
(3) WU =
∞⋂
j,k=1
Wjk
holds.
The inclusion “⊂” follows from the definition of almost weak stability. To prove the converse
inclusion we take U ∈ U \ WU . Then there exists x ∈ H with ‖x‖ = 1 and ϕ ∈ R such that
Ux = eiϕx. Take now xj ∈ D with ‖xj − x‖ ≤
1
4
. Then
| 〈Unxj, xj〉 | = | 〈U
n(x− xj), x− xj〉+ 〈U
nx, x〉 − 〈Unx, x− xj〉 − 〈U
n(x− xj), x〉 |
≥ 1− ‖x− xj‖
2 − 2‖x− xj‖ >
1
3
holds for every n ∈ N. So U /∈ Wj3 which implies U /∈ ∩
∞
j,k=1Wjk, and therefore (3) holds.
Moreover, allWjk are dense by Proposition 2.3. HenceWU is residual as a countable intersection
of open dense sets. 
3. Isometric case
In this section we consider the space I of all isometries on H endowed with the strong operator
topology and prove analogous category results as in the previous section. We again assume H
to be separable and infinite-dimensional. Note that I is a complete metric space with respect
to the metric given by the formula
d(T, S) :=
∞∑
j=1
‖Txj − Sxj‖
2j‖xj‖
for T, S ∈ I,
where {xj}
∞
j=1 is a fixed dense subset of H \ {0}.
Further we denote by SI the set of all weakly stable isometries on H and by WI the set of
all almost weakly stable isometries on H.
The results in this section are based on the following classical theorem, called Wold decom-
position of isometries on Hilbert spaces (see Sz.-Nagy, Foias¸ [16, Theorem 1.1]).
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Theorem 3.1. Let V be an isometry on a Hilbert space H. Then H can be decomposed into an
orthogonal sum H = H0 ⊕H1 of V -invariant subspaces such that the restriction of V on H0 is
unitary and the restriction of V on H1 is a unilateral shift, i.e., there exists a subspace Y ⊂ H1
with V nY ⊥ V mY for all n 6= m, n,m ∈ N, such that H1 = ⊕
∞
n=1V
nY holds.
We need the following easy lemma, see also Peller [13].
Lemma 3.2. Let Y be a Hilbert space and let R be the right shift on H := l2(N, Y ). Then there
exists a sequence {Tn}
∞
n=1 of periodic unitary operators on H converging strongly to R.
Proof. We define the operators Tn by
Tn(x1, x2, . . . , xn, . . .) := (xn, x1, x2, . . . , xn−1, xn+1, . . .).
Every Tn is unitary and has period n. Moreover, for an arbitrary x = (x1, x2, . . .) ∈ H we have
‖Tnx−Rx‖
2 = ‖xn‖
2 +
∞∑
k=n
‖xk+1 − xk‖
2 → 0 as n→∞,
and the lemma is proved. 
As a first application of the Wold decomposition we obtain the density of the periodic oper-
ators in I. (Note that periodic isometries are unitary.)
Proposition 3.3. The set of all periodic isometries is dense in I.
Proof. Let V be an isometry on H. Then by Theorem 3.1 the orthogonal decomposition H =
H0⊕H1 holds, where the restricion V0 on H0 is unitary and the space H1 is unitarily equivalent
to l2(N, Y ). The restriction V1 of V on H1 corresponds by this equivalence to the right shift
operator on l2(N, Y ). By Proposition 2.1 and Lemma 3.2 we can approximate both operators
V0 and V1 by unitary periodic ones and the assertion follows. 
We further obtain the density of the almost weakly stable operators in I.
Proposition 3.4. The set WI of almost weakly stable isometries is dense in I.
Proof. Let V be an isometry on H, H0, H1 the orthogonal subspaces from Theorem 3.1 and V0
and V1 the corresponding restrictions of V . By Lemma 3.2 the operator V1 can be approximated
by unitary operators on H1. The assertion now follows from Proposition 2.3. 
Using the same idea as in the proof of Theorem 2.4 one obtains with the help of Propositions
3.3 and 3.4 the following category result for weakly and almost weakly stable isometries.
Theorem 3.5. The set SI of all weakly stable isometries is of first category and the set WI of
all almost weakly stable isometries is residual in I.
4. Contraction case
We now extend the category results in the previous sections to the case of contractive opera-
tors. The Hilbert space H we take as before.
Let C denote the set of all contractions on H endowed with the weak operator topology. Note
that C is a complete metric space with respect to the metric given by the formula
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d(T, S) :=
∞∑
i,j=1
| 〈Txi, xj〉 − 〈Sxi, xj〉 |
2i+j‖xi‖‖xj‖
for T, S ∈ C,
where {xj}
∞
j=1 is a fixed dense subset of H \ {0}.
By Takesaki [17, p. 99], the set of all unitary operators is dense in C (see also Peller [13] for a
much stronger assertion). Combining this with Propositions 2.1 and 2.3 we have the following
fact.
Proposition 4.1. The set of all periodic unitary operators and the set of all almost weakly
stable unitary operators are both dense in C.
The property that weak convergence from below implies strong convergence is a key for the
further results (cf. Halmos [8, p. 14]).
Lemma 4.2. Let {Tn}
∞
n=1 be a sequence of linear operators on a Hilbert space H converging
weakly to a linear operator S. If ‖Tnx‖ ≤ ‖Sx‖ for every x ∈ H, then lim
n→∞
Tn = S strongly.
Proof. For each x ∈ H we have
‖Tnx− Sx‖
2 = 〈Tnx− Sx, Tnx− Sx〉 = ‖Sx‖
2 + ‖Tnx‖
2 − 2Re 〈Tnx, Sx〉
≤ 2 〈Sx, Sx〉 − 2Re 〈Tnx, Sx〉 = 2Re 〈(S − Tn)x, Sx〉 → 0 as n→∞,
and the lemma is proved. 
We now state the category result for contractions. We note that its proof differs from the
corresponding proofs in the previous sections.
Theorem 4.3. The set SC of all weakly stable contractions is of first category and the set WC
of all almost weakly stable contractions is residual in C.
Proof. To prove the first statement we fix x ∈ H, ‖x‖ = 1, and define as before the sets
Nn :=
{
T ∈ C : |〈T kx, x〉| ≤
1
2
for all k ≥ n
}
.
Let T ∈ C be weakly stable. Then there exists n ∈ N such that T ∈ Nn, and we obtain
(4) SC ⊂
∞⋃
n=1
Nn.
It remains to show that the sets Nn are nowhere dense. Fix n ∈ N and let U be a periodic unitary
operator. We show that U does not belong to the closure of Nn. Assume the opposite, i.e., that
there exists a sequence {Tk}
∞
k=1 ⊂ Nn satisfying limk→∞ Tk = U weakly. Then by Lemma 4.2
limk→∞ Tk = U strongly and therefore U ∈ Nn by the definition of Nn. This contradicts the
periodicity of U . By the density of the set of unitary periodic operators in C we obtain that Nn
is nowhere dense and therefore SC is of first category.
To show the residuality of WC we again take a dense subset D = {xj}
∞
j=1 of H and define
Wjk :=
{
T ∈ C : |〈T nxj, xj〉| <
1
k
for some n ∈ N
}
.
As in the proof of Theorem 2.4 the equality
(5) WC =
∞⋂
j,k=1
Wjk
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holds.
Fix j, k ∈ N. We have to show that the complement W cjk of Wjk is nowhere dense. We note
that
W cjk =
{
T ∈ C : | 〈T nxj, xj〉 | ≥
1
k
for all n ∈ N
}
.
Let U be a unitary almost weakly stable operator. Assume that there exists a sequence
{Tm}
∞
m=1 ⊂ W
c
jk satisfying limm→∞ Tm = U weakly. Then, by Lemma 4.2, limm→∞ Tm = U
strongly and therefore U ∈ W cjk. This contradicts the almost weak stability of U . Therefore
the set of all unitary almost weakly stable operators does not intersect the closure of W cjk. By
Proposition 4.1 all sets W cjk are nowhere dense and therefore WC is residual. 
Final remark. It is not clear in which reflexive Banach spaces results similar to Theorems 3.5
and 4.3 hold. Further, it is not clear whether in Theorem 4.3 one can replace contractions by
power bounded operators.
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